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Fi1G. 10.  Periodic shared counter implementations.

lieb et al. [1983], discussed in Section 5. Each implementation has 8 producer
processes, which continually produce items, and 8 consumer processes, which
continually consume items. If a producer (consumer) process finds its buffer
slot full (empty), it spins until the slot becomes empty (full).

We consider buffers with bitonic and periodic networks of width 2, 4, and 8.
As a final control, we tested a circular buffer protected by a single spin lock, a
structure that permits no concurrency between producers and consumers.
Figure 11 shows the time in seconds needed to produce and consume 2%
tokens. Not surprisingly, the single spin-lock implementation is much slower
than any of the others. The width-2 network is heavily oversaturated, the
bitonic width-4 network is slightly oversaturated, while the others are undersat-
urated.

6.4. BARRIER SYNCHRONIZATION. Figure 12 shows the time (in seconds)
taken by 16 processes to perform 2'® barrier synchronizations. The remaining
columns show BLOCK[ k] networks of width 4, 8, and 16. The last column shows
a simple sense-reversing barrier in which the BLock network is replaced by a
single counter protected by a spin lock. The three network barriers are equally
fast, and each takes about two-thirds the time of the spin-lock implementation.
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spin | width 2 | width 4 | width 8
bitonic | 57.74 17.51 10.44 14.25
periodic 17.90 12.03 19.99

F1G. 11. Producer/consumer buffer
implementations.

Spin lock | Barrier 4 | Barrier 8 | Barrier 16
time (seconds) 62.05 43.53 41.27 42.32

F1G. 12.  Barrier implementations.

7. Verifying that a Network Counts

The “0-1 law” states that a comparison network is a sorting network if (and
only if) it sorts input sequences consisting entirely of zeroes and ones, a
property that greatly simplifies the task of reasoning about sorting networks. In
this section, we present an analogous result: A balancing network having m
balancers is a counting network if (and only if) it satisties the step property for
all sequential executions in which up to 2" tokens have traversed the network.
This result simplifies reasoning about counting networks, since it is not
necessary to consider all concurrent executions. However, as we show, the
number of tokens passed through the network in the longest of these sequen-
tial executions cannot be less than exponential in the network depth.

We begin by proving that it suffices to consider only sequential executions.

LemMA 7.1, Let s be a valid schedule of a given balancing network. Then there
exists a valid sequential schedule s' such that the number of tokens that pass
through each balancer in s and s' is equual.

Proor. Let s =s, p-q-s,. where 5,5, are sequences of transitions, p
and g are individual transitions involving distinct tokens P and @, and where

" is the concatenation operator. If p and ¢ do not occur at the same
balancer, then s,-¢q-p -s, is a valid schedule. If p and ¢ do occur at the same
balancer, then s,-q - p -s] is a valid schedule, where s} is constructed from s,
by swapping the identities of P and Q. In each case, we can swap p and ¢
without changing the preceding sequence of transitions s, and without chang-
ing the number of tokens that pass through any balancer during the execution.

Now suppose that s is a complete schedule. We will transform it into a
sequential schedule by a process similar to selection sorting. Choose some total
ordering of the tokens in s. Split s into s, - f, where s, is the empty sequence
and ¢, = s. Now repeatedly carry out the following procedure that constructs
S,y "4 from s, - £ while ¢, is nonempty, let p be the earliest transition in ¢,
whose token is ordered as less than or equal to all tokens in 7. Move p to the
beginning of ¢, by swapping it with each earlier token in ¢, as described above,
and let s,,, =s,-p and ¢,,, be the suffix of the resulting schedule after p.
This procedure is easily seen to maintain the following invariant:

(1) After stage i, s,-¢, is a valid schedule in which each balancer passes the

same number of tokens as in s.
(2) After stage i, s, is sorted by token.

Thus, when the procedure terminates, we have a valid sequential schedule s’
m which each balancer passes the same number of tokens as in s. [J
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THEOREM 7.2. A balancing network with m balancers satisfies the step property
in all executions if (and only if ) it satisfies it in all sequential executions in which
at most 2™ tokens traverse the network.

PROOF.  Since the step property depends only on the number of tokens that
pass through the network’s output wires, it follows from Lemma 7.1 that a
balancing network satisfies the step property in all executions if (and only if) it
satisfies it in all sequential executions.

We now show that any failure to satisfy the step property can be detected in
some execution involving at most 2" tokens. Consider sequential executions of
a balancing network with /n balancers. Any quiescent state is characterized by
specifying for each balancer the output wire to which it will send the next
token, yielding a maximum of 2™ distinct quiescent states. In a sequential
execution, each time a token traverses the network, it carries the network from
one quiescent state to another. Thus, in any execution, after at most 2"
traversals, the network must reenter its initial state. Let H be the shortest
sequential execution needed to detect a violation of the step property. If H
involves more than 2" tokens, then H can be split into a prefix H,, and a suffix
H, such that H; involves at most 2™ tokens and leaves the network in
its Initial state. If H, sends “illegal” numbers of tokens through two output
wires, then H,, alone suffices to detect the violation, and otherwise H, alone
suffices. [

How tight is this bound? We now construct a balancing network that is not a
counting network, yet satisfies the step property for any execution in which the
number of tokens is less than exponential in the network depth. Through the
remainder of this section, we will only consider networks in quiescent states, so
that we can ignore issues of timing and concentrate solely on the total number
of tokens that have passed along each wire.

First, consider the following balancing network STAGE[2w]. Take two count-
ing networks 4 and B of width w having outputs wires a, through a, _, and
b, through b, _,. respectively. Add a layer of w balancers such that the ith
balancer has inputs a, and b,_,_; and outputs d/ and b, _,_,. The resulting
network STAGE[2w] is not a counting network; however, it is easily extended to
one by virtue of the following lemma.

LEMMA 7.3.  For any input to STAGE [2w], there exists a permutation 1, of the

output sequence d,...,d, _, and a permutation i, of the output sequence
by ..., b, | such that the sequence w(d,,....a,_ ) m(by,...,b. ) has the
step property.

PROOF. Observe that the total inputs to any two balancers in the last layer
differ by at most 1.

Thus, there is always a & such that every balancer in the last layer outputs
either & or k + 1 tokens. If k is even, then b, = k/2 for all { and @, = a, +
b, ., — k/2, which is either k/2 or k/2 + 1. One can obtain a sequence
with the step property by setting , to sort the values in «’. If k is odd, then
each @, is (k + 1)/2 and each b is a,_,_, + b, — (k + 1)/2, which will be
either (k + 1)/2 or (k + 1)/2 — 1. In this case, having 7, sort the values in
b' produces the desired result. O
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By Lemma 2.2 it follows that

COROLLARY 7.4. For any m tokens input to STAGE[2w], XV /a,
=YV [m —i/2wland X' 'b = X2 Mm —i/2w].

In other words, the total number of tokens that end up on the 4,...,a, _
and b),...,b!,_, outputs wires is the same as in a proper counting network. In
fact, Lemma 7.3 guarantees an even stronger property: the actual number of
tokens on each wire correspond to the number of tokens that occur on some
wire in the output sequence of a proper counting network. However, there is
no guarantee that these numbers appear in the correct order (or even the same
order given different inputs). Because of Theorem 2.6, we can extend the
STAGE[2w] network into a (not very efficient) counting network by passing the
outputs ay,...,a,_, and by...., b, _, to two separate balancing networks
isomorphic to sorting networks. But we are not interested in getting a working
counting network; instead we will use a modified version of STAGE[2w] to
construct a balancing network that counts all input sequences with up to some
bounded number of tokens, but fails on sequences with more tokens.

We construct such a balancing network (denoted ALMOST[2w]) as follows:
Take a STAGE[2w] network and modify it by picking some x other than 0 or
w — 1 and deleting the final balancer between «, and b, _;_,. Denote this
balancing network as STAGE'[2w]. Let ArLmost{2w] be the period network
constructed from k stages, for some k > 0, each a STAGE*[2w] network, with
the outputs of each stage connected to the inputs of the next.

Let A, and B, be the sums of the number of tokens input to each of the two
subnetworks A4 and B in the tth stage of ALmMosT[2w]. 4, and B, are thus the
numbers of tokens input to A4 and B, respectively. Let y = {y,,....y,, 1} be
the sequence given by y, = [(A4, + B, — i)}/2w]. Thus, y, counts the number
of tokens that would exit on output wire i if ALMOST[2k] were a counting
network.

We now define the quantities A4, and B, used in the proofs below. They
measure the number of tokens that would have come out of the respective
parts of network in the last stage (+ = =) if it were a counting network.
Formally, let 4, = X% y,. and B, = £;";'y. Note that A, + B, = A, +
B,=A, + B, for all ¢ and that by Lemma 22, [(A.—)/w|=y, and
(B, —i)/wl=y,,, forall i

Finally, let the imbalance 6, = A, — A, = —(B, — B,); this quantity repre-
sents “how far” the network is from balancing the tokens between the A and
B subnetworks in stage ¢, in other words, how many excess tokens must be
moved from the A part of the network to the B part (or, if the quantity is
negative, how many tokens should be moved from B to A).

The following lemma follows from arguments almost identical to those of
Lemma 5.4

LEMMA 7.5.  If the input sequence to a balancing network has the step property,
then so does the output sequence.

LEMMA 7.6.  In the output sequence of stage t of ALMOST[2w], each a, is equal
to y, + e, where e, <0 when 8, <0, and e, = 0 when &, > 0; and each b, is
equal toy, . + e, ., where e, <0 when & > 0, and e, > 0 when §, < 0.
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PrOOF. For i < w, we have

€ =4a, =),

[, -0 (A, = i)
B w a w

(6,+Ax—i)} {(Ax—i)l

w w

which is at least zero when 8 > 0 and at most zero when 8 < 0.
The claim for e, , = b, — y, ., follows by a similar argument. O

CoroLLARY 7.7.  If 8§, = 0, then the output sequences of stage t of ALMOST[2w]
have the step property.

ProOOF. If &, = 0, then, by the preceding lemma, each a, =y, and b, = y,, .,
so the output sequences of stage ¢ form the sequence y. Since y has the step
property, it is left unchanged by the final layer of balancers (Lemma 7.5). O

LEMMA 7.8

5 = (A, —x)/wl — (B, —(w—1-x))/wl
t+1 2 .

!

Proor. If a balancer were placed between a, and b;,_,_, after stage ¢,
then the STAGE'[2w] network would become a STAGE[2w] counting network,
and by Corollary 7.4, exactly A, tokens would emerge from the A half of the
network after stage ¢ + 1, giving an imbalance would be 0. The above quantity
8,,, 1s simply the number of tokens that this balancer would move from the A4
part of the network to the B part in order to bring the parts into balance, and
is thus the actual imbalance that results from deleting the balancer. O

The following lemmas show that the imbalance tends toward zero as more
stages are added:

LEMMA 79. If 8, >0, then 6,., > 0. If 6, < 0, then 6, < 0.
PROOF. Suppose 8, > 0. Then A, > A, and B, < B,, and so
[[(At —x)/wl—=[(B, —(w—-1 —x))/w]J
+1 T

2
[(A, —x)/wl—[(B, —(w—1 —x))/w]j
= 2
= 0.

&
(The last equality holds because when the two parts of the network hold A,
and B, tokens there is no imbalance.)
Reversing the inequalities gives the corresponding result for 6, < 0. O

LEmMMA 7.10. If |81 > 0, then |5, | <8, — 1.

ProoF. By virtue of Lemma 7.9, we need only show that § decreases when
positive and increases when negative.
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Let ay....,a,_.by..... b, _, be the outputs of the 4 and B subnetworks of
the (+ + Dth stage before the last layer of balancers. Because &, # 0, this
sequence does not have the step property; however, each of the two subse-
quences dg, ..., a,_,and by,...,b,_, is the output of a counting network and
so has the step property. Thus, the step property of the whole sequence must
be violated by some «a,, b, such that ¢, — b, is either less than 0 or greater
than 1.

We consider two cases, depending on the sign of §,:

Case 1. 6, < 0. Then, by Lemma 7.6, cach a, <y, and cach b, =Y.y,
(Recall that y, is the number of tokens that would exit from the i-th output of
a counting network with the same input sequence.) So for each «, and each b,
we have, using the step property of the y sequence. a, <v, <y, ,, + 1 <b + 1.
Thus:

Wty

(1) For each a, and b, __,,a, <b, _,_, + 1. so the balancer between these
outputs moves no tokens from the A side to the B side.

(2) Given some «, and b, that violate the step property, it cannot be the case
that @, > b, + 1 and thus it must be the case that a, <b,. But then
4,y <a,<b <by, and since a, , and b, are connected by a balancer,
that balancer moves at least one token from the B side to the A side.

Hence, at least one token moves from the B side to the 4 side and

5., > 6.

t+1

Case 2. 6, > 0. Then, cach a, =y, and each b, <y, ,,.Soa, =v, = v, .,
> b,. Thus:

(1) For each a, and b, ,_,,a, = b,_,_,, so no final-stage balancer moves
tokens from the B side to the A side.

(2) Given some a, and b, that violate the step property, it must be the case
that @, > b, + 2. But a;>a,>b +2>=b, | +2; so the balancer be-
tween a, and b, | moves at least one token from the A side to the B side.

Hence, at least one token moves from the A side to the B side and
8.1 <6. O

LEMMA 7.11. 6,,, = 8,/w + c where —3<c¢ <

(11

Proor. From Lemma 7.8, we have:

B [I(A, —x)/wl = [(B, = (w—1=x))/wl
t+1

2
Looking more closely at the B, term, notice that
B—(w-—-1-x) [B+x+1 )
w B w B

If (B +x + 1)/w is not an integer then this is just [(B + x + 1) /w], which is
equal to [(B + x)/w] since subtracting 1 from the numerator cannot bring it
below the next integral multiple of w. Now if (B 4+ x + 1) /w is an integer, then
this is [(B + x + 1)/w] — 1, which in this case is equal to [(B + x) /w], since
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subtracting 1 from the numerator does bring it below an integral multiple of w.
So in either case, we have

[B—(w——l—-x)

w

B +x

w

and we can rewrite the original expression as:

s [[(A,—x)/w]—l(Bt+x)/wJ}
1T

2
(4, —x)/w — (B, +x)/w + ¢,
N 2
A, — B, X Cy
= - —+ = —q
2w w -
28, + (A, — B,) x o
= — — 4+ — =,
2w w 2 -

where 0 < ¢, < 2and 0 < ¢, < 1. Using the fact that 0 < A4, — B, < w (hence
0<(A, —B,)/2w <1/2), and that 0 <x <w — 1 (hence, 1/2 < —x/w <
0), we can rewrite all of the terms not containing § as a single value ¢ and get

0,0 = — *+¢
+1 .
! w

where the bound —3/2 < ¢ < 3/2 is obtained by summing the bounds on the
individual terms. O

THEOREM 7.12. Let w be a power of 2 greater than 1. Then there exists a
width-2w balancing network that has the step property in all executions with up to
wk =Y tokens, yet is not a counting network.

Proor. From Lemma 7.11, we have |§,, | <I15,|/w + 3/2. Let U(t) be
defined by the recurrence U(0) = |8,l, U(t + 1) = U(t)/w + 3/2; then, U(r) is
a strict upper bound on |§,| for ¢ > 0. Solving the recurrence using standard
methods yields

3/2 (3/2
U(t) =18,lw™" + (3/2) — ( / ))w[

1-1/w w—1

Now suppose the network is given an input involving at most w’ tokens.
Then |§,| cannot possibly exceed w', and after ¢ stages.

(3/2) ((3/2)) y
_ -

o, < Ult 1+
8] (1) < —

w—1

which is at most 4 if w > 2 and ¢ > 1. So by Lemma 7.10, |8, 4| = 0, and thus,
by Corollary 7.7, the outputs of stage ¢ + 4 have the step property. Thus, a
network with k =t + 4 stages will count up to w ¥ tokens.

To see that this k-stage network is not a counting network, suppose 18,| >
4w 1 From Lemma 7.11, we have |§,, | > |8,l/w — 3/2. Let L(t) be de-
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fined by L(0) = |8,| and L{t + 1) = L(¢)/w — 2; L(¢) is a strict lower bound
on |8,| for t > 0. Solving the recurrence gives

L(t) = |8,lw™" — B/2) + ((3/2) )w‘f
1-1/w w— 1
Dropping the last term and setting |8,] > 4w® ™1 gives
(3/2)
|8k+1|>L(k+1)>4— m >

Since 8, , # 0. the outputs of stage k (and hence the entire network) cannot
have the step property. O

8. Discussion

Counting networks deserve further study. We believe that they represent a
start toward a general theory of low-contention data structures. Work is
needed to develop other primitives, to derive upper and lower bounds and new
performance measures. We have made a start in this direction by deriving
constructions and lower bounds for linearizable counting networks [Herliny et
al. 1991], networks that guarantee that the values assigned to tokens reflect the
real-time order of their traversals. Aharonson and Attiya [1992], Felton et al.
[1993], and Hardavellas, et al. [1993] have investigated the structure of counting
networks with fan-in greater than two. Klugerman and Plaxton [19xx] have
shown an explicit network construction of depth O(c'® "log 1) for some small
constant ¢, and an existential proof of a network of depth O(log n).

Work is also needed in experimental directions, comparing counting net-
works to other techniques, for example. those based on exponential backoff
[Agarwal, and Cherian 1989], and for understanding their behavior in architec-
tures other than the single-bus architecture provided by the Encore. We have
made a start in this direction by comparing the performance of counting
networks to that of known methods vsing the ASIM simulator of the MIT
Alewife machine [Herlihy ¢t al. 1992]. Preliminary results show that there is a
substantial gain in performance due to paralielism on such distributed memory
machines.

Finally, we point out that smoothing networks, balancing networks that
smooth but do not necessarily count, are interesting in their own right since
they can be used as hardware solutions to problems such as load balancing (cf.
[Peleg and Upfal 1986]).
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